Fourierov spektar signala

2/100
Fourierov red
m SloZeni periodicki signal :
Xt)=X({t+nT), neZ

moze se aproksimirati trigonometrijskim
polinomom:

N P—
sinteza: y(t):Zanemm, neZ
N

odnosno sumom eksponencijala.
» Zarealni X(t) kompleksne amplitude su
konjugirane.

3/100 4/100
Fourierov red (nastavak) Svojstva Fourierovog Reda
a,-a: a,=Ae™.a - Ae X()=3 X[ne™
— ion g J@nt | q—jon o —jaynt
%, (1)=2A, cos(ant+9,) T
= Koeficijenti a, Fourierovog reda obicno se al(t)+bv(t) «>aU (ne,)+bV (ne,)
odreduju tako da se gornji red pomnozi s al(t)+bv(t)<>aU[n]+bV[n]
e Y integrira u osnovnom periodu T. X[l
. . . . t neot
= Odatle izlazi Fourierov koeficient a,, X(t+7) © X[nle
i x(t)e™ " <> X[n+m
analiza: a, 1 j?(t)e””“’"dt: X[n] ® [ ]
T -T/2
6/100

5/100

Svojstva Fourierovog Reda (nastavak)

y(=1 O g < Fin-6[n]
YIn=F[n]*G[n] <> F()-g(t)

y(t):Tl JZ[T(t)-V(t—r)drHU*V

-T/2

cirkularna
konvolucija

Y[n]=U[n]*V[n]<> 0 (t)-v(t)

T/2

1 2 . 2
P:_I—_“Y(t)\ dtzn;lx[n]\

-T/2

Poopcenje Fourierovog reda

= Elementarni signali u Fourierovom redu su ekspo-
nencijale, koje zadovoljavaju uvjet ortogonalnosti

T/2 _
I elmotgimat gy — {T’ m=n
N 0, m=n
Napisano opcéenito za vremenski kontinuirane i diskretne
signale TJ/.2 X T, m=n
2, (O, (Dt = {
N 0, m=#n
o, (00, 00=1 7 "
5 PSP 0, m=n
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Poopéenje Fourierovog reda (nastavak)

m Pri predstavljanju sloZenih signala linearnom
kombinacijom elementarnih signala, ¢esto se
upotreblj avaju ortogonalne funkcije.

N

X(t)= Za<pn<t) ili x[k]=2ancpn[k]

n Koeﬁcuentl a, mogu se odrediti na temelju
minimalne greske aproksimacije. Pogodna
karakterizacija greske je integral ili suma
kvadrata greske u danom intervalu.

ﬁ > [x[k]— niancpn[k]]z

8/100
Poopcenje Fourierovog reda (nastavak)

= Nadimo optimalne koeficijente a, i &, traZzenjem
minimuma greske

& _, o

0, oa,

e=Y X’[K] okl k] + e, kIl +

k

=0

+ae k] +a,0,[KIF |
= Pri kvadriranju sumacije otpadaju mijesani

¢lanovi zbog ortogonalnosti, tako da izlaze uvjeti
ekstrema:

9/100 10/100
Poopcéenje Fourierovog reda (nastavak) Poopéenje Fourierovog reda (nastavak)
ST = Kvadratna greska aproksimacije konacnom
_2X[k](P1[k]+ 2611([)1 [k] - sumom do N
- 2x[k]o,[k]+2a,93[k]=0
[Klo,[k] 05 [K] . 1 I:X[k za (Pn[k]:|
= Odakle izlaze optimalni koeficijenti a, i a, k =k,
ZX[k]cp][k] a k]+Za ~2x> a,0,[K] |=
- k k] k n
:E:(Pl k] K, l
. DRIALS! _a, k{sz[kHZaﬁKn—ZZanan}
2 Z(Pz[k] K 1Lk n n
11/100

Poopéenje Fourierovog reda (nastavak)

2
. . o
= ako nadopunimo desne ¢lanove s +—"

n

2 2
funkcija kvadrat (aj K,-2a,0, +}‘;°nj_0°n

K
o ? o’
izlazi K o] ——nh
(o] -

n n
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Poopcéenje Fourierovog reda (nastavak)

= Budud¢i da za optimalne koeficijente vrijedi
a,=a, /K, najmanja greska je dana s

aZ

e=y X’[k]-D. "

k n Kn

odnosno zbog o’ /K, =a’K,
K, N

e=y X’[k]-D aK,
K 1

= kako su sumandi nenegativni moze se zakljuciti
da s ve¢im N greske aproksimacije su sve manje.
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Poopc¢enje Fourierovog reda (nastavak) Poopcenje Fourierovog reda (nastavak)
. 2
= Kad N raste bez granica suma () Zn:a" Ky Ako vrijedi za neki niz X[K] kaze se da suma
. . 2 v . . : .
konverglra sumi Z X [k] sto predstavlja Zan(pn[k] U prosj eku konverglra nizu X[k]
k
energiju signala. "
= U tom slucaju vrijedi
K N
D Xk]=D aiK,
k=1 1
Sto je generalizirani oblik Parsevalove relacije.
157100 16/100
Vremenski diskretni Fourierov red (DFT) Vremenski diskretni Fourierov red (DFT) (nastavak)

Uzmimo periodican niz za koji vrijedi B . . .

Buduc¢i da su eksponencijale diskretne najvisa
X[K]=X[k+Nr], reZ .. . N ; ..

frekvencija koja se moze jednoznac¢no predstaviti

Kao kod kontinuiranog periodi¢nog signala je s n=N-1. Sve ostale n>N mogu se na¢i medu

moze se razloziti na sumu periodickih onima iz intervala [0, N-1]. Medu svim

sinusoida ili eksponencijala frekvencija koje eksponencijalama perioda N mogu se dakle na¢i

su cjelobrojni viSekratnici osnovne 27/N samo N razli¢itih

2 .27n
ik ke o NN
gn[k]:e N —e N :gn[k+rN] gO gl gN 1
jer:g,[k]=gy[k], 9,[k]=0gy,,[K],...
17/100

Vremenski diskretni Fourierov red (DFT) (nastavak)

Periodi¢an niz X[k] dakle se moze predstaviti
s N diskretnih eksponencijala

Nl ‘Enk
X[k]=>ae ™
n=0

Optimalni koeficijenti koji osiguravaju minimum
sume kvadrata greske mogu se dobiti iz opceg
izraza za razlaganje signala na ortogonalne nizove.

187100

Vremenski diskretni Fourierov red (DFT) (nastavak)

Optimalni koeficijenti su:

SoHnlgk] ke
an:N? =0 N =X[n]
PIALIZAL
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Vremenski diskretni Fourierov red (DFT) (nastavak)

1 N-1 . 27nk

N-1 2
Xim=Ske s x[kl=Y X[nle™"
0 n=0

¢ine par izraza koji se nazivaju diskretnom
Fourierovom transformacijom (DFT)

Kako se vidi niz koeficijenata a, je takoder
periodi¢an niz tj. a,=a,,, = X[n]

S periodom N: ej2;rkn/N . ej27zkrN/N — ej2;rkn/N ]

DFT povezuje N uzoraka jednog perioda

periodickog signala s N uzoraka periodickog spektra.

Koeficijent 1/N se nekad pridruzuje izrazu za X[K].

20/100
Vremenski diskretni Fourierov red (DFT) (nastavak)
Pogreska aproksimacije

Suma kvadrata greski VDFR-a ili DTFT-a se
moze dobiti iz opéeg izraza ()1 K =N

N 2%a-m (N, n=m
e

pan 0, nzm

N-1 N-1
e= x’[k]-)> a;N=0.
k=0 n=0

217100

Vremenski diskretni Fourierov red (DFT) (nastavak)

X[n]=)_x[kle "N => x{kWw™
1= 3 X[ =3 X[w "
N

W=e

22/100
Periodi¢nost niza 1 periodi¢nost spektra

= Izvan podruc¢ja ne[0, N-1] se nizovi signala i
spektra ponavljaju.

m Izraz [k-ijmodN znaci da [k-i] treba dijeliti s N i
sacuvati samo ostatak.

= Da bi se preko cirkularne konvolucije stiglo na
linearnu trebat ¢e nadopuniti impulsima oba
niza tako da period bude jednak duzini linearne
konvolucije.

m Za slucaj duzine sekvencije M i N linearna
konvolucija ¢e biti duzine M+N-1.
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Periodi¢nost niza i periodi¢nost spektra (nastavak)

» Odziv sustava kao linearna konvolucija trazi
vise multiplikacija nego pretvorba u spektar oba
signala pobude i odziva na uzorak mnozenjem
spektara i inverzijom.

u

( ) H =u*h
U IDFT y
H

ho DFT J

uo DFT
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Svojstva DTFS (DFT)

Linearnost
DTFS{at[k]+bv[k]}=aU[n]+bV[n]
Posmak ki

(X[k—i]modN}<> X[nje ' N
Konvolucija cirkularna

frr[k—i]mod NV[i]<>U[n]V[n]
I;arseval

Sk =Y KnT’
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Vremenski diskretna Fourierova

transformacija

Jednostavan prijelaz iz Fourierovih redova u
transformaciju moze se dobiti prikazom
aperiodickog signala kao grani¢nog slucaja
periodickog signala kad period ponavljanja
tezi u beskonacnost.

26/100

Vremenski diskretna Fourierova transformacija
(nastavak)

Pretpostavimo da je aperiodic¢ki signal X[K]dan jed-
nim periodom signala X[K], koji je periodi¢an s N.

X[k], -K<k<K
X[k]=
0, k=K

N=2K+1

27/100 28/100
Vremenski diskretna Fourierova transformacija Vremenski diskretna Fourierova transformacija
(nastavak) (nastavak)
Kad K raste, razmak izmedu sekcija signala se Buduéi da je X[K]=X[K] za ~-K <k<K i
povecava, te za K—oo replike se udaljavaju u x[k]=0 za k > K izlazi
beskonacnost. ) .
1 -
X[k]=lim X[K] XMnl= 2 dkle " =
K—w k=-K
Yremenski Diskretni Fourierov red periodickog _1 i X[k]eﬂz’&"k
niza X[K] je: N
K J.ann 5 1 K 7j27rkn
X[k]= Z)?[n]e N X[n]=— > xkle " " X[n]je periodican s N. Spektralni uzorci su s
n—K N razmakom 27t/N =,
Vremenski diskretna Fourierova transformacija 297100 30/100

(nastavak)

A' ((’ i )

-n n
-n n

Slika prikazuje uzorke spektra i njihovu ovojnicu, koja

je periodi¢na s 21t. Za ve¢i N uzorci postaju sve gusci.

Vremenski diskretna Fourierova transformacija
(nastavak)

Zamislimo da tom nizu uzoraka na slici
spektra odredimo normiranu ovojnicu
kontinuiranu periodicku funkciju, tako da
vrijedi 1 '
X[n]=ﬁx (e*)

=N,

X (&)= ix[k]e"'“’k

k=—c0

X (e jw)‘w:nwg — iX[k]e_jnwﬂk
k=-o0
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Vremenski diskretna Fourierova transformacija
(nastavak)

Sad se periodicki spektar moze izraziti s
normiranom ovojnicom

1 +K . .
X k - x ejwﬂn jognk
[] Nn;( e

X[k] — % i x (e jmon)ejmonk
27Tnf—K

Utjecaj grani¢nog prijelaza N—oo je da smanjuje
razmak o, izmedu komponenti spektra o, =27/N
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Vremenski diskretna Fourierova transformacija
(nastavak)
U sumaciji imamo vrijednosti X (e j“’ﬂk).eiﬂ’nk
mnozene sa Sirinom o, =27/N . Sumacija je
pravokutna aproksimacija integrala.

Kad N,K > o, o=ko,, do=0,, a suma
prelazi u integral

_ 1 T jo jok
x[k]_%:‘;X(e‘ )-ei%dw

U*y= iu[i]v[k—i]<—>U (e!)V ()

33/100 34/100

Vremenski diskretna Fourierova transformacija Vremenski diskretna Fourierova transformacija

(nastavak) (nastavak)
Time Smo fi.Obili aperiod%f“:ki mZ ?([k] kao Uvjet da aperiodicki niz ima DTFT je da
superpoziciju elfsp'onencuala ili sinusoida. njegova sumacija apsolutno konvergira
Tezinska funkcija je spektar "

. © 4 X[k] <.
x(ejm): Zx[k].e—jmk ;‘ [ ]‘
k=—o0
pa zajedno sa integralom ¢ini par koji se naziva
vremenski diskretnom Fourierovom transfor-
macijom VDFT (engl. Discrete Time Fourier
Transform DTFT).
35/100 36/100
Svojstva DTFT Svojstva DTFT (nastavak)
Linearnost Parseval:
. . 2 N il 1 = T
au[n]+bv[n]<>auU (e**)+bV (e'*) D XKIX [k]= Z\x[k]\2 =2—I X (e’ )\ do
i=—00 i=—o0 Tc,n
Posmak
X[k—i]e>e X (™) MnoZenje:
1 V3 ) o . .y
Konvolucija ufkV[k]«> — J‘ U@V (e ®)de perlodlcn?
27 *, konvolucija
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Fourierova transformacija

Upotrebljava se za predstavljanje aperiodskih signala
superpozicijom eksponencijala ili sinusoida.

Moze se izvesti iz Fourierovog reda, tako da se
aperiodski signal dobije kao grani¢ni slucaj
periodi¢nog signala, ¢iji period ide u beskonacnost.
Sli¢no kao kod DTFT

X(t), -T/2<t<T/2
x(t):{ X(t)=limx(t)

0, [t>T/2
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Fourierova transformacija (nastavak)

Harmonijske komponente postaju guste,
pa dobivamo iz sume integral:

IR
x(t)_ﬂ:!;X(jw)-e‘ do

X(jo)= Tx(t)-e”mdt
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Fourierov spektar signala

Spektar signala napisan u pravokutnom obliku sa
svojim realnim i imaginarnim dijelom
X(jo)=X, (jo)+ jX;(jo)

napisan u polarnom obliku sa svojim
amplitudnim i faznim spektrom

X(jo)=/X(jw)e’

X(jo)=A®), X, (®)=A(w)cosp(®)
o(@)=arctlg 21?2 X (@)= Aw)sino(®)
X, (o)
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Fourierov spektar signala (nastavak)

Da bi signal imao Fourierovu transformaciju
mora zadovoljavati neke uvjete:

1. Tx(t)e’j“’tdt < T\x(t)e*j‘”‘ \dt < T\x(t)\dt <00

Funkcija x(t) mora biti apsolutno integrabilna te
imati konacan broj maksimuma i minimuma, tj.
konacan broj diskontinuiteta u konacnom
intervalu.
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Fourierov spektar signala (nastavak)

Transformacija postoji za prakticki upotrebljive
signale. Ima medutim signala kao $to su stepenica i
sinusoida koje nisu apsolutno integrabilne, ali se
mogu predstaviti transformacijom, ako dozvolimo
upotrebu impulsa u vremenskom i frekvencijskom
domenu.

42/100
Fourierov spektar signala (nastavak)

Primjer: Spektar pravokutnog pulsa.

Pravokutni puls je definiran:
1, zalt|<T/2
()=

0, zat|>T/2
+o0 _ T/2 _ efjmt T/2
Re(0)= J.rc (t)e “dt= J.l-e_mtdtz - =
—00 -T/2 J(D -T/2
—j@T/2 _ qjar/2 .
_& 67 @1/ tine @7 /2)

j@ (@T /2)
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Fourierov spektar signala (nastavak) X(™)
A
—p
| > /\\}/\ f\\//\\
TR T/2 §{1.5¥ﬁ
i A y(e™)
/\
. >
T T
Trokutni puls: daT | 20T "
, zalf|<T

t—t/T
u(t)= TR(®)=Tsinc® (®T /2)

0, zalt|>T
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Fourierov spektar signala (nastavak)

Simetrija FT medu varijablama ti ®
omogucuju lagano odredivanje odnosa
izmedu signala i spektra.
Ako je: )
X()<—=>X(jo)
Tada je:
X (jt)<>2mx(—®)

Dokaz slijedi iz izraza za X(t) i zamjenom t——o0

45/100
Prolaz signala kroz linearan sustav

= Kako smo ranije rekli sustav je skup
operacija na ulaznom signalu da bi se dobio
izlazni signal.

= Na temelju dosadasnjeg zakljucujemo da se
integralno vladanje sustava moze odrediti iz
njegovog odziva na impuls (KS) ili uzorak
(DS) ili pak iz frekvencijske karakteristike.

= Prema tome za linearne sustave imamo jo§
dva matematicka modela.

46/100
Odziv na impuls ili na sinus pobudu

m Za razliku od mjerenja parametara sustava
opisanog diferencijalnim jednadzbama,
mjerenje impulsnog odziva ili frekvencijske
karakteristike je dosta jednostavno.
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vrem. domena frekv. domena

au(t)+bv(t) <> aU (o) +bV (o)

Svojstva FT:

linearnost FT

simetrija X(t) <> X (o) X () 2nX(—w)
1 [0}
ij x@@at)y=—X| —
kompresija expom (at) ‘a‘ ( aj

Xt X(w)  ht)oH(w)
x*h< X (0)-H (o)
X-h<> X (0)*H (®)
X(t—t,) <> X (w)e "

konvolucijau VD

konvolucija u FD

vremenski pomak
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Svojstva FT (nastavak): |vrem. domena frekv. domena

frekvencijski pomak X(t)e Joo ¢5 X (- (x)o)
n

X5 (jo)" X (o)

+jzox(r)dr<—>Xj(u))ﬂcx (0)d(w
(O]
” dX (w)

vremenska derivacija

vremenska integracija

frekvencijska derivacija - th (t) <~
X(t) +00
frekvencijska integracija 7 x4 j X (@)d@

X(—t) > X (—)

vremenska inverzija
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Transformacije: | vrem. domena frekv. domena
8(t) <> 1
1<5218()

cosot & d(0—m,)+d(0+m,)]
sinot > ja8(o+m,)—8(o-w,)]

Transformacije | vrem. domena frekv. domena

50/100

(nastavak):

e & 218(0—w,)

®,=27/T

D 3(t—KkT) >, > _8(0—nw,)
k n

2
Sgl’lt(—)ﬁ 8(”)(1:)(_)(]@)”
1
ut) > md(®)+-— \t\(—)—l
() 2
S X 213 X om0 .
X(t)= ) X e o2n 2O(0—no, .
et = t" 27" (o)
Cetiri oblika Fourier-ovog predstavljanja signala, ...
. o o VD
VD periodicki signal aperiodicki signal D
- Fourigrov red Fourierova transformacija s
] inG N =
c Xt - X n ejnosgl 1 o - e é
° ® n;c [n] X(t):%J‘X(Jw)e' 'do &
IS . e =
g X[n]:ij x(t)e " dt - - g
g Tm e X(j@)= j x(t)e ®dt 2
S | X(t) ima period T @, Ea o g
X .
_ | Vremenski diskretan Fourierov red  vremenski diskretna Fourierova - Papouhs
E Xk]= ZX[n]e Jnagk transformacija £
3 ) U Ty ooy ok g
£ XIS | A [XEedo | g
g KN) oy ok 2
2 | x(KiX[n]imaju  _27 X(e' ):;X[k]e ! g
period N N X(el®) ima period 27 =
VD D diskretni spektar kontinuirani spektar FD
VD-vremenska domena FD-frekvencijska domena
53/100 54/100

Time convolution theorem. The Fourier transform F(w) of the
convolution f(¢) of two functions fi(¢) and f,(t) equals the product of
the Fourier transforms F(w) and F,(w) of these two funetions. Thus
if

filyr Fy(w)  folt) > Fylw)

then jm LMt — 7) dr s Byw)Fy() @11)

Proof. To prove (2-71), we shall form the Fourier integral of f(¢)
and will show that it equals Fi{w)Fy(w). Clearly

Flo) = J' N wm[ f ® heat—1) dfl at (2-72)
Changing the order of integration, we obtain

Flo) =fw i) U: )] ar

From the time-shifting theorem (2-36) we conclude that the bracket
above equals Fy(w)e™7"; therefore

Flo) = j Fim)e O F ) dr = Fy@)Fyw)

and (2-71) is proved.

Comment. In the above proof it was assumed that the order of
integration in (2-72) can be changed. This is true if the functions f;(t)
and fy(t) are square-integrable in the sense

-

Jw IfPdt <o i=12

ie., if fi(t) and f,(t) have finite energy.

(2-73)
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Frequency convolution theorem. From the above result (2-71)
and the symmetry property (2-34) it follows that the Fourier
transform F(w) of the product f,(t)f,(t) of two functions equals the
convolution Fi{w) « Fylw) of their respective transforms F\(w) and
F,(w) divided by 2a:

HORO o o f ” Fio)Fyo — ) dy (274)

One could also give a direet proof of (2-74) as in the time-convolution
theorem.
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Parseval's formula. The following basic result, known as Parse-
val's formula, can be easily derived from (2-74); if F(w) = A(w)e?**! is
the Fourier transform of f(t), then

L 1 w
f Ifdt = —_[ Aw) dw (2-75)

- 2w J_. )
Indeed, from f(t) ++ F(w) and theorem (2-44) it follows that f.(t) —
F"[—w]; therefore the Fourier integral of |f(t)|* = f(t)f.(t) is the fune-
tion (1/2m)F(w) « F(—w); ie.,

2_1! L"’ Fly)F(—(e — y)] dy =J‘ﬂU IF (1% &% dt (2.76)

Putting @ = 0 in (2-76), we obtain (2-75), because
Fiy)fy) = 4')

A. Ideal low-pass filter. A filter whose amplitude is constant /100
for |w| < @, and zero for |w| > w, is called ideal low-pass (Fig. 6-4).

A, for |w| < w,]
A = = A
@ [o for o] > wJ — oPa)

Its system function is given hy

Hiw) = Agp,,,(w)e™ 19" (8-20)

At

Ao

Ed
£
o T
p—é-;
ale}
Ag

Fioure 6-4
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where p,, (w) is a rectangular pulse, and its impulse response by

hit) = 4 J- ”‘coa ot — ty) do =
o

m

Ay sin o (t — &)
w(t — &)

Wwith Ay = Agwfr and rise time ¢, = #fw,. To obtain the step re-
sponse a(t), we use (6-21) and (6-14):

(8-21)

A t=tp gj
aft) =20 4+ ﬂJ‘ ‘sin e, A [1 + 2 8ifwt — :,,}]] (6-22)
2 Jg T 2 T

59/100
E. Gaussian filter. The filter

H(w) = Age=='e™ 0t (6-45)

shown in Fig. 6-13a is called Gaussian. To determine its impulse re-
sponse h(t), we use the result in (2-69)

Ao [ et A 2
Rty = =2 Ld —_ — 0 = it=te)?/da
(t) J; e cos wit — £y) do = J_ € (6-46)

The maximum kg, of h(t) and the rise time ¢, [see (6-15)] are given by
(Fig. 6-15b)

hmax = Agf2/7x  t, =2 fmx (8-47)
The step response is best obtained from the above and (6-14)

A A t=fe 2
f)= =0 L 0 =r'/da
aft) 2 +2V{m{"; e dr (6-48)

and can be expressed in terms of the tabulated error function erf
defined by

ef 7 = % f.ﬁ dy (6-49)

60/100
Inserting into (6-48), we obtain the function
A t— 4
— A Lt 6-50
PP -

shown in Fig. 6-15¢.  As is proved in Sec. 4-4, this filter has the prop-
erty of minimizing the product of the RMS8 durations of A(f) and A(w).
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Buserwarth, erder 1,3 and 10
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Step respanss; Gauss; order 1,2 and §
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697100

Hilbert transforms. In the following we shall give explicit
equations relating the real and imaginary parts of a causal system
function. If the causal function h(t) contains no singularities at the
origin, then with H(w) = R(w) + jX(w) its Fourier integral, R(w)and
X(w) satisfy the equations

X(w) = — 2 F j‘—_“ydy (10-28)
Riwy — 1 r X g, (10-29)
T odey W — Y

known as Hilbert transforms.

70/100

First Proof: Convolution Theorem. We denote by h,(t) and k() the
even and odd parts of k(f) shown in Fig. 10-2; since h,(t) = hy(t) for

t > 0 and h,(t) = —hy(t) for t < 0, we conclude that
ho(t) = R (t) sgnt (10-30)
k() = hyft) sgn t (10-31)

where sgn ¢ is the sign function of Fig. 2-8. The Fourier integrals of
h,(t) and h(t) are R(w) and jX(w) respectively, and the Fourier inte-
gral of sgn ¢ equals 2[je:

B> R@) ) jX(@) sgnt— = (10-32)
Juy

Since hy(t) is the product of ,(t) and sgn ¢, we conclude from the fre-
quency convolution theorem (2-74) that

iX(w) = L Ry s =
2 Jor

from which (10-28) follows. We similarly obtain (10-29) from (10-31).

717100

Hilbert transforms. If the function H(w) is minimum-phase-
shift, then In Hy(p) is analytic in the right-hand plane; in this case the
attenuation and phase of H(w) = e~**'~#=) are related by the
following set of equations similar to (10-28) and (10-29):

Bleng) = 20 r ) g, (10-67)

7 Jop 0f — wy?

2 frm
alay) = (0) — "i_[ 0@) g, (10-68)
o

e o — @F)
Thus 6(w) can be uniquely determined from «{w), and for the deter-
mination of x(w) one needs not only #(w) but also the constant «(0).
From the proof it will become clear that the above equations are not
the only ones relating «(w) to 6{w); other sets of similar relationships
can be derived (see H. W. Bode, op. cit.).

72/100

Example 10-9. Consider a causal low-pass minimum-phase-shift filter
with amplitude characteristic

{l lew] < e,
Alw) =

4, |o| > o,

as in Fig. 10-11a. TIts phase shift 6(w) cannot be assigned arbitrarily but
must be given by (10-67)

—20)."“’ In 4, dy=ln Alln\aj—m,|

Blo) = —=
(@) ™ _wyg—cu‘ w + w,

as shown in Fig. 10-11b. The resulting group delay in the passband, equals
2Ind,

w? 2

tylw) = 0'(w) = o] < o,

—
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Step response, As=0,001
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Impulse responss, As=0,001
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™
Thus the group delay is proportional to the attenuation in the stop band and i . w i ¢
it tends to infinity as A4, tends to zero. The quantity o o o
a
2|ln 4 al e}
t,(0) = l—'j t aylwd ot
i, | ——
1 Aglad
equals the delay of the center of gravity of the input as it passes through the 4y
filter, and it is proportional to |In A4 ]. - W . !
0 we
Alw) ol , te)
I Frouvne 6-23
I &
1 :\ i
— L |
Ast-- == “teel i
0 a w 0 e w ¢
[a) 7] = o fo
Figure 10-11
Led
77/100 78/100
8lw)
s
W
e
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Example 10-10. As an application of (10-68), we shall evaluate the

tyw
Blw) =
b, @ > o,
of Fig. 10-12a. A noncausal filter with the same phase was discussed in Sec.

6-4. Inserting the above characteristic into (10-68), we obtain
J‘m fotoe dy
b tly® — o)
-2)ef-z]
wﬁ
(&)
Ficure 10-12

)« (-2

attenuation of a filter with a phase shift given by the curv
o] < e,

20° hdy 207
kg

e

1+2

a(w) = a(0) —
W,

. .
=a(0) + :'ﬂ[(l + 3]1:. (
T w,
The corresponding amplitude A(w) = e~ is shown in Fig. 10-12b for

fyw, = .
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We shall use the above result (10-84) to determine a

causal, low-pass filter, with linear phase shift 8(w) = i, in the bandpass

212 InTeGRAL THEOREM:

Specification of z(w) and 6(w) in differ-
ent parts of the o axis. We shall now
show that H{w) is uniquely determined if afmw)
and fi(w) are specified in complementary parts
We shall first consider the

of the o axis.
(10-81)

given for |w| < @,

CAse
given for o] = w,

o)
Bew)
To find the unknown parts of z(w) and 8(w),

we shall use a modified form of the Hilbert
We note first that Egs. (10-67)

Fioure 10.13

A () = 1

W >

Bl) = Wl

transforms.

and (10-68) establish the w-axis relationship
between the real and imaginary parts of a
function that is analytic in the right-hand

Example 10-11.

|w| < w,, and a constant amplitude in the stopband |m| > w, as in Fig,
10-13. We shall assume, without loss of generality, that A{w) =1 for
|m| = @, With this assumption, the second integral in (10-84) vanishes,

and the unknown parts of a(w) and 6(w) are given by
la(w) 0<w<o,

plane. Our problem will therefore be solved

w < W,

if we can find a funetion whose real part
e information (10-81).
e o anantity

depends on the availabl

—_—
— g2 — w? [ ¥ dy _
v Vo — Pt — ®) Ow) o= o,

The above integral can be easily evaluated; the result is
0 <o <w,

The computed parts of the functions 6{w) and
A[w) — eln\«'nr'-m‘

”

afw) = -710\,/01('" — wt
w = g

Blew) = bgeo — iu\"rtux — w?

are shown by the dotted lines in Fig. 10-13.

The frequency characteristics of an ideal 1/100

82/100

Paley-Wiener condition.} A necessary and sufficient condition

(10-90)

for a square-integrable function A(w) = 0 to be the Fourier spectrum
of a causal function is the convergence of the integral

Ideal High-pass Filter.
high-pass filter are given by
[IJ for || < o,
Alw) = (6-28)
Ay for o] = w,, o) = ol
Aol le-tg)
flal = A
J‘ lin Alell ;) - o
o Alal )| A : B
7 w We remark that if the amplitude of a function H(w) satisfies (10-90),
e it does not follow that H{w) has a causal inverse. The above says
ta) that to |H(w)] = A(w) a suitable phase can be associated, so that the
resulting function has a causal inverse. We further note that if A (w)
ale) tel is not square-integrable, then (10-90) is neither necessary nor sufficient.
alt) We shall attempt to give a simple justification of (10-90).
Ag k
I3
. A = R - 9 AN Vi t Raymond E. A. C. Paley and Norbert Wiener, “‘Fourier Transforms in the
Y Complex Domain,” American Mathematical Society Colloguium Publication 19,
P New York, 1934,
s ()
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Curve 11, Tstpulse respossic for maxismally flat delay (Bessel) Bléers.
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Curve 18, Siep response for Gaumian magnitude fler,

-
Curve 8, Impulse resporac for Gaussian magninsde Sers.
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Curve 2. Soep respesc for Butieeworth fers.

Cwrve 1. Impulis response for Buticeworth Ekers.
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Curve 4. Ssep resposne for Chebyshev fillery with 0.01 dB ripple.
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Carve 3, Impulse response for Chelbyshey filsers with 0.01 dB ripple.
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Curve 15, Impulie resporse for lineas phace with equiripple ereor filiers (phase error = 0.4°).
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Corve B Suep response for synchosously tuned flten,
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Corve 2. Tmpubse respame for syacheonously tuned ltess,

17



